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Finite Volume Method for Radiative Heat Transfer
Using Unstructured Meshes

J. Y. Murthy* and S. R. Mathurf
Fluent Inc., Lebanon, New Hampshire 03766

The finite volume method has been shown to accurately predict radiative heat transfer in absorbing,
emitting, and scattering media. However, computations have for the most part been restricted to struc-
tured, body-fitted meshes. In this paper a conservative cell-based numerical scheme is devised for com-
puting radiative heat transfer using meshes composed of arbitrary unstructured polyhedra. The method
is shown to be robust and accurate through comparisons with published solutions.

Nomenclature

= area vector

» specific heat at constant pressure
Grashof number

intensity

blackbody intensity

conductivity

Nusselt number

polar and azimuthal discretization
Planck number

Prandtl number

= heat flux

Rayleigh number

= position vector

= coordinate along ray

= ray direction vector

= temperature

velocity in coordinate direction j
coordinate direction

volume of control volume

polar angle

absorption coefficient

kinematic viscosity

density

Stefan- Boltzmann constant
scattering coefficient

scattering phase function
azimuthal angle

= solid angle
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Introduction

HERE has been considerable research in the use of un-

structured meshes for the computation of fluid flow and
heat transfer during the last decade.'” Unstructured meshes
greatly simplify the mesh generation task and enable the rou-
tine use of computational fluid dynamics in practical industrial
applications. Unstructured mesh methods are now available for
solving compressible and incompressible industrial flows in
the presence of turbulence, rotation, swirl, combustion, and
other complexities. Many of these industrial applications re-
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quire the computation of radiation in absorbing, emitting, and
scattering media. It is desirable to devise schemes for radiation
heat transfer that are consistent with the unstructured mesh
solvers used for fluid flow, so that a single unified spatial dis-
cretization is used throughout.

A variety of methods for computing radiative heat transfer
in absorbing, emitting, and scattering media have appeared in
the literature.* Among the most widely used are zonal meth-
ods,” Monte Carlo methods,” the class of P, approximations,®
ray-tracing methods such as the discrete transfer model,” and
the discrete-ordinates method.® More recently, Chui and
Raithby”'® developed the finite volume scheme for radiative
heat transfer by imposing energy conservation principles over
discrete solid angles. A similar approach has been taken by
Chai and co-workers.'"'* Early work was restricted to either
Cartesian or cylindrical meshes. Chui and Raithby'® extended
the finite volume scheme to nonorthogonal body-fitted meshes.
Chai et al."' developed a cell-based finite volume method using
structured body-fitted meshes. Fiveland and Jessee® developed
an even-parity form of the discrete-ordinates formulation using
a finite element method. Though some of these methods™'*"
are, in principle, capable of addressing unstructured meshes,
no systematic application and evaluation of these methods has
been done in the unstructured mesh context.

The objective of this paper is to develop a finite volume
method for participating radiation within the unstructured-
mesh framework outlined by Mathur and Murthy.' Unlike the
node-based schemes used by Chui and Raithby and Fiveland
and Jessee, a cell-centered formulation based on arbitrary poly-
hedral control volumes is developed. The radiative transfer
equation (RTE) is solved for a discrete number of finite solid
angles. For each direction the RTE is integrated over the con-
trol volume and discretized using ideas similar to those for
fluid flow. An algebraic multigrid method is used for the so-
lution of linear equations. Special attention is paid to the treat-
ment of control-angle overhang not only at boundaries but also
at the interior. Though the present work is restricted to a gray
gas with diffuse-gray boundaries, the basic methodology can
be extended to nongray radiation and other types of boundary
conditions. The method is validated against analytical and nu-
merical solutions in the literature and shown to perform sat-
isfactorily.

Governing Equations

The radiative transfer equation for a gray absorbing, emit-
ting, and scattering gas in the direction s may be written as’

a = —[k(r) + o), s) + S, s)

& )]
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where

S = k(L) + %f I(r, s)Y®(s', 5) dQ )

Because s is constant, Eq. (1) may be written as

% = —[k(@r) + o), s) + S, s) 3)

where s, are the components of s.

Boundary Conditions
All boundaries are assumed to be gray-diffuse. Under this
assumption, the boundary intensity /,, for all outgoing direc-
tions (s-n < 0) is given by

1 - T
I, = QJ Is)s-n dQ + 22 4)
™ sn>0 w

Here, T, is the boundary temperature and € is its emissivity.
The unit vector n is the surface normal pointing out of the
domain.

Energy Equation
For problems in which radiative equilibrium does not exist,
it is necessary to solve the energy equation. For the steady
constant property flow of an incompressible fluid, the energy
equation may be written as

dpu,C, T 9 oT
pJ—'=_ k—) + S, 5)
ax; dx; \  9x;

Here S, contains the source of energy. The radiative contri-
bution to S, for a gray absorbing, emitting, and scattering gas
may be written as

k(r) J' [U(r, s) — I(r)] dQ (6)

Numerical Method

Spatial Discretization

The domain is discretized into arbitrary unstructured convex
polyhedra called cells. The boundaries surrounding the cells
are called faces and the vertices of the polyhedra are referred
to as nodes. Each internal face has two cells on either side.
Line segments joining the nodes are termed edges (and are
identical to faces in two dimensions). Because the algorithm
is applicable to arbitrary polyhedra, nonconformal interfaces
such as those shown in Fig. 1 require no special treatment,

d

Fig. 1 Control volume.

unlike other approaches.” The cell CO is simply treated as a
polyhedron with faces a-b-c-d. All unknowns are stored at cell
centers.

Angular Discretization

The angular space 4 at any spatial location is discretized
into discrete nonoverlapping solid angles w,, the centroids of
which are denoted by the direction vector s, Though the dis-
cretization of angular space can in principle be unstructured,
here we adopt a structured discretization, with each octant be-
ing discretized into Ny X N, solid angles. The angles 6 and ¢
are the polar and azimuthal angles, respectively, and are mea-
sured with respect to the global Cartesian system (x, y, z); 0
is measured from the z axis and ¢ is measured from the y axis.
The angular discretization is uniform in that the polar direction
is divided into N, equal angles, and the azimuthal direction is
divided into N, equal angles. The subtended solid angles, how-
ever, are not equal, and vary with 6. The quantities (0, ;)
denote the polar and azimuthal angles associated with the cen-
troid of the solid angle w;; the extents are given by A8 and

Ad.

Control Volume Balance

For each discrete direction i Eq. (3) is integrated over the
the control volume CO in Fig. 1 and the solid angle w; to yield

Z Jdy=[—(k + 0J)lp + Silw; AV, (7)
=

Here, I, is the intensity associated with the direction i at the
face of the control volume, and I, is the intensity at the cell
CO in the direction i. J;is a geometric factor defined next. AV,
is the volume of the control volume CO. The solid angle w; is
given by

AO
W, = sin 6 d6 db = 2 sin 6; sin (—) Ad  (8)
Ad A6 2

Because the integration is exact, 2;w; = 41 is identically sat-
isfied.
The source term S; is given by

O
Si =kl + E Z] Ijo'Y:;/' 9)

where

1
W:—f f (s, s;) do; do; (10)
Wi Jo, Jo,

The blackbody intensity /., is based on the temperature of the
cell CO and I, are the cell intensities in the directions j. The
treatment of the left-hand side of Eq. (7) is addressed next.
For body-fitted and unstructured meshes, the discretization
of the left-hand side (LHS) of Eq. (7) is complicated by the
possibility of control-angle overhangs. Because the directions
s; are defined with respect to a global coordinate system (x, y,
z), the boundaries of the discrete solid angles w; do not nec-
essarily align with control volume faces. Mathematically, an
overhanging control angle is one for which (s;*A, j = 1, 4)
are not all of the same sign. Here, s, is the ray vector to the
Jjth corner of the ith control angle. This is illustrated in two
dimensions in Fig. 2. In three dimensions, the intersection of
the control-volume face with the angular discretization is more
complex. The line of intersection between the control volume
face and the sphere is a great circle; the arbitrary intersections
between the discrete solid angle and this great circle determine
the amount of overhang. This problem does not occur in Car-
tesian meshes. It may also be avoided in structured body-fitted
meshes by using local coordinates. For unstructured meshes,
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Overhanging
Control Angle

Face f

Fig. 2 Control angle overhang in two dimensions.

however, no such local coordinate can be defined and special
procedures must be adopted.

Face Intensity Treatment

For directions i with no control angle overhang at the face
/. the following treatment is used. The LHS of Eq. (7) is writ-
ten as

J = I,./.A~f f s sin 6 dO dd (11
A0 JAd

Here
s = sin 0 sin ¢i + sin 0 cos & j + cos 0k (12)
Computing the integral in Eq. (11) we get
Jdy=1,A-S, (13)
where

S; = sin ¢; sin(0.5Ab)(AO — cos 26, sin AB)i
+ cos ¢; sin(0.5Ad)(AO — cos 20, sin AB)j
+ 0.5A¢ sin 26, sin ABk (14)

Thus, the angular integration in Eq. (11) is exact. The vector
A is the outward-pointing area vector with respect to cell CO,
as shown in Fig. 1.

Using a step approximation for I we may write

Ii/' = Ii,upwind (] 5)
Here I ypwina is the value of ; in the “upwind” cell.

Treatment of Control-Angle Overhang

Two different approaches have been proposed in the litera-
ture to address control-angle overhang. Chui and Raithby'"
proposed a treatment for control-angle overhang at boundaries
for two dimensions but do not address it at interior faces. Their
treatment requires the definition of neighbor directions that are
fully incoming or fully outgoing. This is workable in two di-
mensions, but such directions cannot uniquely be identified for
general three-dimensional overhangs. Chai et al."' treated con-
trol-angle overhang by assuming that the entire control angle
is either incoming or outgoing at a face depending on whether
the mean direction s, is incoming or outgoing. The latter treat-
ment is inexpensive and conceptually simple. Chai et al."" and
others have reported reasonable agreement with analytical re-
sults for coarse spatial and angular discretizations. However,
no systematic assessment of the applicability of this treatment
has been made because of the difficulty in treating general
three-dimensional overhangs.

Here two approaches are explored: The first (A) is the ap-
proach of Chai et al."" and the second (B) is a treatment of
three-dimensional overhang; each is described in turn.

Approach A

In this approach, at each face of the cell CO, the solid angle
associated with the direction i is assumed to be outgoing to
the cell if s,A >0 and incoming otherwise. The treatment of
I, in either event is identical to the treatment for nonover-
hanging directions. Using the step scheme, the cell intensity
at the appropriate upwind cell is used for /.

Approach B (Pixelation)

If the direction i exhibits overhang at the face f, the incom-
ing and outgoing portions of the solid angle are differenced
differently. Equation (11) is written as

Jediy = o Qo + LipinQiin (16)

where

OLi,out=A'J' J' s sin 6 d6 do, s*A >0 a7
o Jag

ou,in=A-f J' s sin 6 d6 do, sTA=0 (18)
A0 Jag

The incoming and outgoing face intensities are then written as
in Eq. (15). Thus, referring to Fig. 1, we may write

Jelyp = LioQoue + 111 Qn (19)

where I, and I;, refer to the intensities in cells CO and CI1,
respectively, in the direction i, and the terms incoming and
outgoing are with respect to CO.

Overhang Angle Computation

The computation of the overhang angles may be accom-
plished in a number of ways. In the present work, the solid
angle of interest is divided into Ny, X N, pixels. Each pixel
is identified by a pixel direction s,; written in terms of the pixel
centroid angles (8., ) as

Spi = sin 0y sin ¢pii + sin 0, cos Gpij + cos O,k (20)

We may then write Eqs. (17) and (18) as

Qo =A" D, Sy 1)
spi-A>O

Qjin = A- Z Spi (22)
s, A=0

where S, is written analogously to Eq. (14), using the pixel
angles (0, ¢;) rather than (0, ¢,). The summation is over all
pixels in the control angle.

Using this approach, control angle overhang can be com-
puted up to the pixel resolution. Computational effort may be
minimized by only pixelating those control angles that exhibit
overhang.

Boundary Conditions

The following steps are usually required at gray-diffuse
boundaries: 1) Computation of the incoming radiation, 2) up-
date of boundary intensity, and 3) computation of incoming
and/or outgoing radiation flux in each of the angular directions
i for inclusion in the individual transport equation.
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The radiation incoming to the boundary is computed from
q:f IsrA dQ, s-A>0 (23)
4

where A is the surface area vector pointing out of the domain.

As with interior faces, special considerations because of
control angle overhang also apply at boundaries. Here, incom-
ing and outgoing intensities in any direction i may be substan-
tially different from each other, and it may be argued that the
incoming and outgoing portions of the solid angle should be
treated differently. Again, we consider the two different ap-
proaches outlined earlier.

Approach A
Here, the incoming radiation is written as

G =A- D, LS, for siA >0 24)

Thus, a solid angle is considered incoming to the boundary if

its mean direction §; is incoming. The boundary intensity /1, is

updated using Eq. (4). The boundary radiation transfer for each
of the directions i is written as

I,A-S; if s;A >0

Il = {IWA~S,- if s;;A=<0 (25)

Approach B (Pixelation)
Here, the incoming radiation is written as

S = Z Lio0iin (26)

where I, is the value of I, in the near-boundary cell CO, o;,
is the integral defined in Eq. (18) and is incoming to the
boundary, and A is the boundary face area vector pointing out
of the domain. Thus, only those parts of the overhang solid
angle that are incoming are included in the incoming radiative
flux. Once ¢~ is available, the boundary intensity /,, is updated
using Eq. (4).

The boundary radiative transfer for each of the directions i
is written as

Jediy = LioQin + 1,0 ou 27

Here, the incoming and outgoing directions are defined with
respect to the boundary, not the cell CO. The quantities o,
and o, 0« are computed as for interior faces, using pixelation.
For directions with no overhang, either o;;, or oo is zero.

Linear Solver

The discretization procedure leads to a set of (nominally)
linear equations relating the value of /; at the cell center to its
cell neighbors:

aplip = Z Auliy + b (28)

nb

Here, nb is the number of cell neighbors. The intensities as-
sociated with other discrete directions are included in the b
term. The algebraic set for each i is solved iteratively, looping
through all of the discrete directions in turn until convergence.

In solving Eq. (28), no attempt is made to order cells in the
upwind direction. Instead, the system is solved using an al-
gebraic multigrid procedure'” that constructs coarse level equa-
tions by clustering a fine level cell with the neighbor for which
the influence coefficient is the highest. This, in effect, ensures
efficient transport of information along the ray direction. For
the examples in this paper, the Brandt cycle is used for inten-

sity calculations. A Gauss-Seidel relaxation procedure is used
at each multigrid level.

Coupling with Energy Equation
Procedures for the discretization of the energy equation are
similar to those for scalar transport described in Mathur and
Murthy' and are not described further. Equation (6) is written
as

as,

Sp= Sk +
aT |,

(T = T%) (29)

Here T* is the current iterate of the temperature of the partic-
ipating medium. Using I, = o7 in Eq. (6), the source term
in the discrete energy equation is written as

S)AV, = AV, <K D oo - 4.«;7“) (30)

Assuming I, independent of T and evaluating 9S,/0T from
the second term in Eq. (30), we may write

S, AV, = AV, <K Z w;l;o + 12k0T** — 16K0‘T*3T> 3D

The last term in Eq. (31) is included implicitly in the discrete
energy equation; the other terms are included explicitly. Sim-
ilar procedures are employed at boundaries. The energy and
intensity equations are iterated sequentially until convergence.

Results

Here we present results for a variety of participating radia-
tion problems. In the following sections Ny X N, refers to the
angular discretization of the octant. Unless otherwise stated,
all results using pixelation (approach B) are obtained with
Ny, X Ny, of 1 X 10 in two-dimensional cases and 10 X 10
in three-dimensional cases. The error reported next is defined
as

Z |ﬁr|f fne>|(act (32)

where f, is the computed value at point 7, f,exc 1S the exact
value at the same point, and N is the total number of points.

Radiation in Quadrilateral Enclosure with Isothermal Medium

We consider here the case of participating radiation in a
quadrilateral box containing an absorbing and emitting me-
dium at T = T,. The vertices of the box, in counterclockwise
order, are (0,0), (2.2, 0), (1.5, 1.2), and (0.5, 1.0). All dimen-
sions are in meters. The walls are numbered counterclockwise,
with wall 1 joining and (0, 0) and (2.2, 0), and are at T = 0.
The objective is to predict the dimensionless incoming radia-
tive flux ¢* = g/(cT}) on the lateral walls and to compare it
with the exact solution, generated by means of a ray-tracing
method. This problem has been used by Chai et al."' to validate
their finite volume scheme.

An initial structured mesh of 10 X 10 quadrilateral control
volumes is used, with an Ny X N, of 1 X 2; approach A (no
pixelation) is used. This discretization is identical to that used
by Chai et al."’ The numerical scheme also defaults identically
to theirs when the step scheme is used on a structured quad-
rilateral mesh. Plots of ¢* vs the length along wall 1 for var-
ious values of absorption coefficient k are shown in Fig. 3.
The agreement with the exact solution is within 4%. Figure 4
shows the variation of ¢* along walls 2, 3, and 4 for k = 1.0
m~". Here s, the length along the wall, is measured counter-
clockwise. The departures from the exact solution are espe-
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Fig. 3 Quadrilateral enclosure with isothermal medium, heat
flux on wall 1.
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Fig. 4 Quadrilateral enclosure with isothermal medium, heat
flux on walls 2, 3, and 4 for k = 1.0 m™ .

cially high at the corners for walls 2 and 4. The errors for
these cases are tabulated in Table 1.

Results from a finer structured quadrilateral mesh of 40 X
40 cells are shown in Fig. 5 for wall 3 for k = 1.0 m™". A
variety of angular discretizations are used. The errors for all
computations using the 40 X 40 mesh are shown in Table 1.
For coarse angular discretizations (2 X 2) the influence of the
corners is not captured well by the computation. For finer an-
gular discretizations, the computed solutions match the exact
solution well. Small departures are still seen at the corners of
the domain, where even finer angular resolution is probably
required. To quantify the influence of control angle overhang,
computations were done using approach B (pixelation) at
boundaries, but not at interior faces. For coarse angular dis-
cretizations, boundary pixelation does not improve the answer
very much. For very fine angular discretizations (2 X 8), the
results with and without pixelation are nearly identical, as ex-
pected. Pixelation appears to make a difference in the inter-
mediate range (2 X 4).

To study the effect of pixelation, the degree of boundary
pixelation was varied. The 40 X 40 mesh was used, with k =
1.0 m™ ' and a 2 X 4 angular discretization. Pixelations of 1
X 4 and 1 X 10 were used and compared to the case with no
pixelation. The 1 X 4 and 1 X 10 pixelation are virtually
identical. Interior pixelation was found to not make any dif-
ference to the solution.

For complex geometries a certain minimum angular dis-
cretization is required to resolve significant geometric features.
To resolve features of length 8, a solid angle resolution of 0(8%
R?) is required at a surface at a distance R from the feature.
Pixelation cannot improve accuracy unless this basic angular

resolution is met. On the other hand, when the angular reso-
lution is very fine, the solid angles associated with overhanging
control angles are small, and their influence is consequently
small. For many practical problems, it appears that approach
A will suffice.

Figure 6 shows an unstructured triangular mesh of 2600
cells. Radiative flux on wall 3 is shown for this mesh in Fig.
7 for k = 1.0 m~'. Again, results with and without boundary
pixelation are shown. The results are very similar to those for

Table 1 Quadrilateral enclosure with isothermal medium®

Case Error, %

10 X 10 mesh, Ny X N, =1 X 2, approach A:

Wall 1
k=01m"' 3.06
k=10m"' 3.15
k=100m"" 3.64

Wall 2
k=10m"' 6.13

Wall 3
k=10m"' 2.15

Wall 4
k=10m"' 5.52

40 X 40 mesh, wall 3, k = 1.0 m ", approach A:

Ny X Ny =2 X 2 2.94

Ny X Ny =2 X 4 1.12

Ny X N, =2 X 8 0.36

Ne,, X N‘,,p =1 X 10, approach B:

Ny X Ny =2 X 2 2.59

Ny X Ny =2 X 4 0.69

Ny X N, =2 X 8 0.34

40 X 40 mesh, wall 3, k = 1.0m ", Ny X N, =2 X 4,
approach B (pixelation):

Ny, X N, =1X 4 0.69

Ny X Ny =1X 10 0.69

“Error in ¢* for quadrilateral mesh.

0.75 -
0.70 |-
0.65 |-
‘T
L] - Present (2x2)
0.60 [~ a Present (2x2,pixelated)
. Present (2x4)
A Present (2x4,pixelated)
055 [ L4 Present (2x8)
s © Present (2x8, pixelated)
A
0.50 L 1] L L 1 | n n L 1 ]
0.0 0.2 0.4 0.6 08 1.0

S

Fig. 5 Quadrilateral enclosure with isothermal medium, heat
flux on wall 3 for 40 X 40 quadrilateral mesh for k = 1.0 m™".

Fig. 6 Quadrilateral enclosure with isothermal medium, unstruc-
tured triangular mesh.
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Fig. 7 Quadrilateral enclosure with isothermal medium, heat
flux on wall 3 for triangular mesh for k = 1.0 m ™",

the structured quadrilateral mesh. The errors for the unpixe-
lated 2 X 2,2 X 4, and 2 X 8§ angular discretizations are 2.93,
0.81, and 0.58%, respectively. For the 2 X 2,2 X 4, and 2 X
8 cases with boundary pixelation, the errors are 2.23, 0.59, and
0.50%, respectively.

All computations were done using a Sun Ultra 1 worksta-
tion. The computer code assumed an unstructured data struc-
ture even when a structured mesh was used. For the 40 X 40
quadrilateral mesh using approach A, the 2 X 2,2 X 4, and
2 X 8 angular discretizations took 3.53, 6.58, and 12.77 s,
respectively. For approach B, the 1 X 4 pixelation required
0.6% more computational time than the case with no pixela-
tion; the 1 X 10 pixelation required 1.37% more. Thus, the
resources required for boundary pixelation are very modest in
two-dimensional geometries.

For the 2600 cell triangular mesh with approach A, the tim-
ings for the 2 X 2,2 X 4, and 2 X 8 angular discretizations
were 5.59, 10.67, and 21.24 s, respectively. The triangular
mesh has 3982 faces. The 40 X 40 quadrilateral mesh has 3280
faces. The cost of equation discretization is approximately pro-
portional to the number of faces in the mesh. The cost of the
linear multigrid solution is proportional to the number of cells.
The measured solution time scales as the number of cells, sug-
gesting that the linear equation solver accounts for the greatest
proportion of the time taken. Thus, quadrilateral and triangular
meshes with the same number of cells are expected to show
roughly similar performance even though the former has ap-
proximately two faces per cell and the latter has approximately
1.5.

Radiation in Quadrilateral Enclosure
with Nonisothermal Medium

This problem is the same as the previous problem, except
that the temperature of the enclosed medium is allowed to vary
linearly as

T=T,+ [(Ts = THLI + y9)" (K) (33)

The calculations are done for 7, = 1000 K, T = 2000 K, and
L =1.921 m. The dimensionless incoming radiative flux g* =
q/(cT%) on wall 3 is compared to the exact solution, generated
by a ray-tracing scheme. Computations are done using the 40
X 40 quadrilateral mesh, with approach A, approach B with
only boundary pixelation, and approach B with both boundary
and interior pixelation (referred to as global pixelation). The
objective is to examine whether temperature variations, en-
countered in real-life radiation problems, require pixelation.
Figure 8 shows the variation of ¢* along wall 3 for the case
of global pixelation. For coarse angular discretizations (2 X
2), there is substantial departure, of the order of 10%, from

Fig. 8 Quadrilateral enclosure with non-isothermal medium,
heat flux on wall 3 for global pixelation.

Fig. 9 Quadrilateral enclosure with non-isothermal medium,
heat flux on wall 3 for Ng X N, =4 X 4.

the exact solution, at the right-hand corner. The error decreases
as the angular discretization is made finer. Figure 9 compares
calculations with approach A, approach B with boundary pix-
elation, and approach B with global pixelation for a 4 X 4
angular discretization. Though pixelation helps somewhat, the
pixelated and unpixelated cases give similar results. For ap-
proach A, the error levels for angular discretizations of 2 X 2,
4 X 4, and 8 X 8 were 3.89, 2.24, and 1.12%, respectively.
For approach B with only boundary pixelation, the correspond-
ing error levels were 3.34, 1.61, and 1.07%, respectively. For
approach B with global pixelation, the error levels were 3.05,
1.47, and 1.07%, respectively. It appears that approach A will
yield satisfactory solutions even in the presence of a noniso-
thermal medium, as long as a certain basic angular discreti-
zation capable of resolving the gross geometry and temperature
variations is employed.

Radiation in Tetrahedral Enclosure

To demonstrate the use of the scheme for three-dimensional
geometries, we compute radiative heat transfer in a tetrahedron
of side L. The base of the tetrahedron lies on the x-y plane;
the coordinates (x/L, y/L, z/L) of the vertices are (0, 0, 0), (1,
0, 0), (0.5, 0.866, 0), and (0.5, 0.288, 0.817). The walls are at
T = 0. The interior has a fixed temperature of 7 = T, and an
optical thickness kL = 1.0.

Two different tetrahedral meshes, of 1054 and 10,934 cells,
are used; the coarse mesh is shown in Fig. 10. The dimen-
sionless incoming heat flux g* [=q/(cT))] is computed along
the line joining the side midpoint (0.75, 0.433, 0) and the ver-
tex (0.5, 0.288, 0.817) for different angular discretizations,
with and without boundary pixelation. The results for the
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Fig. 10 Tetrahedral enclo-
sure, coarse mesh of 1054
cells.

(A1)

o

0.15 |- — Exact

[ . Present (2x2)

L o Present (2x2,pixelated)
010 4 Present (4x4)

4 Present (4x4,pixelated)

0.05 | 4 Present (6x6)

: © Present (6x6,pixelated)
0_00’....|...|....|...|. |

0.0 0.2 0.4 0.6 08 1.0

S

Fig. 11 Tetrahedral enclosure, heat flux variation on face cen-
terline for coarse mesh.
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Fig. 12 Tetrahedral enclosure, heat flux variation on face cen-
terline on fine mesh.

coarse mesh are shown in Fig. 11. With approach A, the errors
for 2 X 2,4 X 4, and 6 X 6 angular discretization are 6.8,
4.79, and 4.83%, respectively. With approach B and boundary
pixelation, the corresponding errors are 4.08, 4.09, and 4.43%,
respectively. The results for the fine mesh are shown in Fig.
12. With approach A, the errors for 2 X 2 and 4 X 4 angular
discretization are 4.24 and 2.44 %, respectively. With approach
B and boundary pixelation, the corresponding errors are 3.27
and 1.81%, respectively.

For the coarse mesh, the error levels are primarily a result
of spatial errors. For the finer mesh, pixelation improves ac-
curacy somewhat; however, it does not appear necessary for
practical calculations. Calculations using pixelation at interior
faces did not change the picture.

The cost of pixelation for the 2 X 2 angular discretization
is considered next. Pixelations of 2 X 2,4 X 4, and 10 X 10

are considered. For coarse mesh the computational time for
the pixelated calculations is 2.96, 8.72, and 49.94% greater
than that for the unpixelated calculation. For fine mesh the
corresponding timings are 1.23, 3.15, and 18.4%.

The coarse tetrahedral mesh has 324 boundary faces and
1946 interior faces, resulting in 0.16 boundary faces per inte-
rior face. The fine tetrahedral mesh has 1444 boundary faces
and 20,066 interior faces, resulting in 0.07 boundary faces per
interior face. The incremental cost of boundary pixelation var-
ies as the ratio of boundary to interior faces. Thus, boundary
pixelation is proportionally more expensive on the coarse mesh
than on the fine mesh. Most unstructured tetrahedral mesh gen-
erators increase the number of interior faces more rapidly than
boundary faces as the mesh is refined.

Pixelation is an O(n®) process in three dimensions, and its
cost escalates rapidly with the degree of pixelation. For all
cases studied here, a 4 X 4 pixelation yielded results indistin-
guishable from a 10 X 10 pixelation, resulting in relatively
modest incremental cost.

Radiation in a Purely Scattering Medium

In this problem we consider pure scattering in a square do-
main. The bottom wall is at 7). The other walls and the interior
are at T = 0. We consider the case kL = 0, o,L = 1.0. The
objective of the computation is to match the net radiative flux
on the bottom wall, ¢* = q/(oT}), with published results.'*

An unstructured triangular mesh of 730 cells is used. Com-
putations are done using angular discretizations Ny X N, of 2
X 2,2 X 4,and 2 X 6, respectively. Only approach A is used
in the calculation.

Figure 13 shows a plot of ¢* on the bottom wall for all the
angular discretizations used. The maximum error in the 2 X 2
angular discretization is 0.75%; the 2 X 4 and the 2 X 6 cases
are nearly indistinguishable from each other and have a max-
imum error of 0.4%.

Coupled Radiation and Natural Convection in a Square Box

Finally, we consider the coupling of buoyancy and partici-
pating radiation in a square box. The configuration has been
analyzed by Yucel et al."” using the Sy discrete ordinates
method. The left wall is cold and at T.. The right wall is hot
and at T,. The top and bottom walls are insulated. Gravity
points downward. The enclosure is filled with an absorbing
and emitting gas. Computations are done for Ra = 5 X 10°,
Pr=0.72, To/(T, — T.) = 1.5, kL = 1.0, and Pl = k/(4L/cT}) =
0.02. Here To = 0.5 (T, + T.), and L is the length of the side.

An initial structured quadrilateral mesh of 30 X 30 cells is
used with three angular discretizations, 1 X 2, 2 X 4, and 4
X 8. Approach A is used; because the mesh consists of faces
aligned with the global angular discretization, control angle
overhang does not occur. The fluid flow is computed using

Fig. 13 Pure scattering, radiative heat flux on bottom wall, o L
=1.0,xL = 0.
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procedures similar to those described in Mathur and Murthy.'
A preliminary solution is obtained using a 2 X 4 angular dis-
cretization, and adapted to gradients of temperature using
hanging node adaption. The resulting mesh is shown in Fig.
14 and contains 2178 cells. The problem is recomputed on the
adapted mesh for all angular discretizations. Figure 15 shows
a plot of the normalized u — velocity U [=uL/(vGr"?)] along
the vertical centerline of the cavity for all three angular dis-
cretizations. Figure 16 shows a corresponding plot of the nor-
malized v — velocity V [=vL/(vGr'?)] along the horizontal
centerline. Also plotted are the results of Yucel et al.,"” ob-
tained using the S, approximation (a total of 12 directions).

Fig. 14 Coupled convection and radiation in square box, adapted
mesh.
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Fig. 15 Coupled convection and radiation in square box, U-ve-
locity along vertical centerline.

Fig. 16 Coupled convection and radiation in square box, V-ve-
locity along horizontal centerline.

Table 2 Coupled convection and radiation in square box™”

Case Present Yucel et al."” % Difference
Nonradiating Nu 14.04 13.82 1.6
Radiating Nu,

1 X2 31.77 31.77 0.0

2 X 4 31.58 —_ 0.6

4 X 8 31.91 —_ 0.4
Radiating Nu,

1 X2 39.42 39.09 0.8

2 X 4 39.23 —_ 0.4

4 X 8 39.61 —_ 1.3

*Nusselt number on hot wall.

The comparison in all cases is good; the three angular dis-
cretizations differ from each other by less than 1%. Yucel et
al. also reported the hot-wall Nusselt number Nu {=q/[k(T, —
T.)/L]}, where ¢ is the hot-wall heat flux. Table 2 reports Nu
for both the nonradiating and the radiating case. The nonra-
diating case is computed on the baseline unadapted mesh. For
the radiating case, both the radiation Nusselt number Nu, and
the total Nusselt number Nu, are reported. The comparison in
both cases is good.

Conclusions

The finite volume method for computing radiative heat
transfer in absorbing, emitting, and scattering media has been
extended to unstructured meshes. The spatial discretization ad-
mits arbitrary unstructured convex polyhedra. The procedures
for solving directional intensities closely parallel procedures
for computing fluid flow. Procedures for the treatment of con-
trol angle overhang both at interiors and at boundaries are
evaluated. For the problems considered here, accounting for
control angle overhang at interior faces appears unnecessary.
It is moderately helpful in improving accuracy for coarse an-
gular discretizations if used at boundaries, and incurs only a
modest expense. Nevertheless, for many practical problems,
the simpler approach A will suffice. The pixelation idea may
be used to address control angle overhang caused by reflection
and refraction, as well as arbitrary rotational periodicity; here
the correct representation of ray rotation is likely to be im-
portant. Extensions of the method to these applications are
underway and will be reported in due course.
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